3.13 Probability

WHOA! WE SHOULD GET INSIDE!

ITS OKAY! LIGHTNING ONLY KILLS
ABCUT Y5 AMERICANS A YEAR, SO
THE CHAWES OF DYING ARE ONLY
ONE N 7000 000, LETS GO ON!

THE ANNUAL DEATH RATE AMONG PEOPLE
WHO KNOW THAT STATISTIC IS ONE IN SIX.

Ms Walker’s



Introduction

This standard will require you to applying probability concepts in solving problems. This
will involve the use of:

etrue probability versus model estimates versus experimental estimates
erandomness

eindependence

emutually exclusive events

econditional probabilities

eprobability distribution tables and graphs

*two way tables

eprobability trees

*Venn diagrams

What is Probability?

#——;——

PRINCIPAL

"I wish we hadn't learned probability ‘cause I don’t
think our odds are good.”

These are the formulae that will supplied to you in the external examination.

n!
P (n-rn)!

"”P

Permutations and combinations

|(7)-"c =t

| PAUB) = P(A) + P(B) - P(AN B)

“
Probability ;

;P(AIB):

P(ANB)
P(B)




Probability Revision

Probabilities can be expressed as a decimal, fraction or a percentage.

We usually use decimals because they are easy to compare.

Ways of calculating probabilities:

1 Equally likely outcomes: Probability = DUmberof favqurable ST
total possible outcomes

Example: For a 52-card pack, P(ace) = /t/
oy

2 Longrun relative frequency: Probability = number of times an ever?t sdn s e
total number of trials

Example:
P(Mike bikes to school) = number of times he has biked to school in the last year

total number of school days in the last year

Combining probabilities

This is very important and frequently comes up in exams.

and X

or +




Multiplication Principle

1. With different items:
eg Jeremiah has 6 shirts, 2 ties and 4 pairs of trousers
In how many ways can he be dressed?

Lx2x4 =42

2. Where items are similar (and all items are available for positions) but no repeats are
allowed:
eg 10 people are running a race - in how many ways can the first 3 places be filled.

l0x9x 8 = —«,LQC’

3. Where items are similar, but repeats are allowed.
eg number of New Zealand license plates

7Gx 2SS x2S (oxlOox (0 = (§GL 2S6 0O

Factorials

Howmany different ways can 4 people sit on a bench?

4“#%x Zx\ = 2‘{“
Howmany different ways can 12 people sit on a bench?

\2! = 479 ool oo

Challenge: How many different ways can 4
people sit around a circular table?

AxBx2xl g
= .




Probability Notation

P(A) The probability of A occurring

P(A’) The probability of A not occurring

P(A N B) The probability of A and B occurring

P(A N B) The probability of A and B not occurring

P(A N B’) The probability of A occurring and B not occurring

P(A U B) The probability of A or B occurring

P(A” U B) The probability of A not occurring or B occurring

P(A U B)" or P(A’n B’) The probability of A or B not occurring

So neither occurring



Questions for 2x2 Venn or Two way contingency tables

The data may be given in fractions, decimals, percentages or

frequencies (ie numbers of).

Example 1: Draw a Venn diagram and a probability table to show the following
probabilities: P(A) = 0.5, P(B) = 0.6 and P(A N B) = 0.2. Use them to find P(A U B).

A A’
A B
B 0.2 | o4 | D.G
B’ 62| 6.1 | 0.4
0.S | o.-5 [

Check that all the probabilities addto .

P(AuB)=P(A)+P(B)—P(AmB) I

| {

FindP(AUB) = ©.24+0.-4+0©.3
= 0.9

e ——
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(i1i) - A probability model has been developed for flights departing from another airport.
Let 4 be the event “a flight’s departure time is affected by passenger behaviour™.
Let B be the event “a flight’s departure time is affected by weather conditions”.
Under this model, P(4 U B) = 0.54 and P(4'U B) = 0.86.

What is the probability that a flight’s departure time is affected by weather conditions? (@
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3x3 Frequency table

Example: A group of 215 Year 13 students were asked which of the subjects Art, Biology
and Chemistry they were studying.
" 3 students studied all three subjects.

11 students studied Art and Biology.

* 26 students studied Biology and Chemistry.
»~ 5 students studied Chemistry and Art.

# 50 students studied Art.

* 80 students studied Biology.
2~ 60 students studied Chemistry.

Draw a Venn diagram to represent this situation and use it to calculate the number of
students who take none of these subjects

C £
2 L _
A - : SO
= 2 27
| B :J,:_ﬁﬁ; 20 4—(3
A ’ % Ias
& 32 L4
60 =S 215
L4 dook Mere.
pg31-35
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What’s wrong with this one?

From the tour company’s records for a randomly selected day. the following information was
found:
+ 272 passengers were male
» _lopassengers were Australian
passengers were aged over 30

A passenger was a male Australian aged over 30
» A passengers were male Australians aged 30 or younger
+ _there were no female Australians aged 30 or younger
» -2 passengers were males aged over 30, but were not Australian

» __there were 30 passengers altogether.

Find the probability that a randomly selected passenger for that day was a female Australian
aged over 30.

|O
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Tree Diagrams

These can be used as an alternative to venn diagrams and tables, they are

particularly useful when there is a sequence of events.

Example: In a particular region, 15% of the population is vaccinated against the flu. The
probability that a vaccinated person catches the flu is 0.09, but 36% of unvaccinated

people will catch the flu.

1. First identify the events are and which order they go in
vaccinated and flu
Which is likely to happen first? vaccinated

2. Add the events and the probabilities to the tree diagram below

Event 1 Event 2
i atches — O, 0125
o1 - |

y accinated <
O

\S e
(‘)/'/// ‘O((\\ Doesn't _ O ) Q?‘)c:g
/ catch flu
\ atches = 0. 2000
0-3 036 —fu

=S \
Not
vaccinateq o
oesn
O.(4

Now answer the questions

a Calculate the probability that a vaccinated person catches the flu.
P(vhF) = 0.0RS

b Calculate the overall ge.rcentage of people who will catch the flu.

©.01354+0.3060 = O.311S . 2.ASX
¢ What percentage of those who catch the flu had been vaccinated?
put oC COVV 038 _ 5 -
)f\:ta:emﬂ& 'g;\‘l——;- O. O‘ﬂ"lZS o 4‘23 /o
d What percentage of vaccinated people caught the flu? pg 42-48
?:,'Ju,k(' v@ OO0\ _ B 13
—— O A 9P

\Joec kel O - \S

%ﬂn’:’!@i’l (e



il

Question Three  OF

(a)

Data was obtained on all flights that departed from Weﬁlmgmn Airport during one day in
January 2017.

For the 83 flights that had departure time data available:
° 64 flights were operated by Air New Zealand

o 31 flights were delayed
o 12 flights were not operated by Air New Zealand and were not delayed.

(i) Suppose one of these flights is chosen at random.

Calculate the probability that this flight was delayed, g” iven that the flight was not
operated by Air New Zealand. y

b - | % \.
—— . IR \
e Pt ?_,j } - g V2 ‘g - \\\\
B N\ %‘”{ - 0. 3L

Question Four
A sample of 996 students in Years 9 to 13 was taken from the Census at School 2015 database.

(@)
zwﬁ’

i

78.4% of these students were bom in New Zealand.

100% of these students can speak at least one language fluently.

Of the students born in New Zealand, 35.6% can speak more than one language fluently.

Of the students not born in New Zealand, 69.8% can speak more than one language fluently.
A student from the sample is chosen at random.

() Calculate the prdbability that the student can speak only one language ﬂiwnﬂy.
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Question Seven

(a) People take their cars to testing centres for a Warrant of Fitness (WOF).

‘Three testing centres were recently reviewed over a one-month period: testing centre A,
testing centre B, and testing centre C, During this time, all results for tests completed by each

of the testing centres were recorded.

40% of the tests reviewed were completed by testing centre A, and 25% of the tests reviewed

were completed by testing centre B.

Of the tests completed by testing cenire A, 82% were successful (the car passed the WOF).

Of the tests completed by testing centre B, 96% were successful.
Of the tests completed by testing centre C, 94% were successful.

(i) What percentage of tests completed during the review were successful?
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Mutually Exclusive Events

Mutually exclusive events cannot both occur. In a Venn Diagram the circles
don’t overlap.

P(AUB)=P(A) + P(B)

Example: Hearts and black cards are mutually exclusive.

Find the probability of picking a heart or a black card.

B | B
P(H) + P(B) = % +
H|0|.25].25
=0.75
H'|.5].25[.75
5/.511.0

In General:

P(AUB) = P(A) + P(B)

and

P(AMB) =@

b appeat e locohon oF Y Lot and
Meve h"d ol N* mui’\!'\”\ 2y C‘VSIV‘! l_
'L LA N ?f"-ub.\l\“ﬁ m:fhtlt
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Question One

On a particular day, P(rain)=

0.27, P(heavy wind) =

Are these events mutually exclusive?

0.24, P(neither)=0.64.
R ﬂ'//w
4
W 0.1 024

Wﬂ

0N | Ot ] o F

Question Two

s o7

Ne, s
/\ojf Mm\'u-\\b

exclasive.

,b(a) A 2017 food marketing studyfmmNemelandexammed?ﬂ websites belonging to the
most popular food and drink brands. 24 of these websites were targeted at teenagers, while
the others were targeted at the general population. 21 of the websites made a positive health

~ claim, and of these websites, eight were targeted at teenagers.

One of the websites is chosen at random.

() Explain why the events “a website makes a positive health claim™ and “a website is
targeted at the general population™ are not mutunally exclusive.

Support your answer with at least one calculation.

Question Three

72,
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manufactured in Japan. Of these cars manufactured in Japan, 80.3% were used cars.
Suppose that one of the imported cars registered with the New Zealand Transport Agency in

2013 was selected at random.

et

In 2013, 63.9% of imported cars rcglstered wﬁh the New Zealand Transport Agency were

® Explam why the events “The car was manufactured in Japan and “The car is a uscd
car” are not mutuatly exclusive.

Include statistical reasoning in your explanation.
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Example: Consider the subject choices of some Year 13 students.

a The probability that a student takes Art is 0.15, and the probability that a student takes
both Art and Design is 0.083. Calculate the probability that a student takes Design,
given that he or she takes Art.

Step 1: Write in symbols what you know. P(A)=0.15and PD N A) = 0.083
Step 2: Write down what you need to know. P(D/A)
Use
P(DNA
Step 3: Use the formula. P(D/A) = (TA)) . appropriate
: letters.
0.083
= 035
=05

Alternative method: Use reasoning and a probability table (you have been doing this in
previous sections of the book).

A A
: Those who take
D | 0.083- Art and Design.
Dl
7 All of those who
0.15 - take Art.

Those who take Design and Art
Those who take just Art

_ 0.083
015

P(D/A) =

Alternative method: Use a probability tree.

D
A /
\\ D’

S
0.083
PIO/A) =015
_—Pb =05
A <
S
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Independent Events

Independent events are when the occurrence on one has no effect on the other.

P(AnB) = P(A) x P(B)
° 0 O

P(AnB) # P(A) x P(B)

Example:
P(having a birthday in December) P(becoming a prefect)

We would expect these two events to be independent.

In General:

P(A) = P(A/B) P(A N B) = P(A) x P(B)

Knowing that B has occurred makes no difference to the probability of A occurring.

(I P(A n B) > P(A) x P(B) then there is a positive association )
between events A and B ie The occurrence of 'B’ increases the chance

of event 'A’ (and vice versa - whatever seems logical) )

~

r -

If P(An B) < P(A) x P(B) then there is a negative association
between events A and B ie The occurrence of 'B' decreases the chance of
_event 'A’ (and vice versa)

31



Exercises on Probability Tables

L. P(A)=0.4,P(B)=0.5P(ANB) = 0.1
A A’
B 0.1 0.4 05
Complete the table and answer the following questions.
(@)  What is the probability that A or B occurs? @+ 4+ O T+06.3 = o3
(b) ~ What is the probability that neither A nor B occurs? ©. 2
. f(ABKP(E z 0:420.G
(c) AreAandB mdep(enden)’r? ) = 0.2 # P(ArB)=0.\ =t {,\ole(c,\¢l!’_,%—~
. (A8 o .\
d) FindP(A|B) = — z —— 0.
@ Findpal®)= SRS S0
(e)  Are A and B mutually exclusive?
Neo as \P(F\-ﬂr\%) = Oa\ (/\O’{” O
2. P(A)is 0.4, P(B)is 0.6, and A and B are independent events, .
_ as?(r)<P(&) = P(AnR)
A / A
/
B o. 24 0.2 0.6
B' o.1C 5.2 4 o.4
04 6.0 1
Complete the table and answer the following questions.
(@)  What is the probability that A or B occurs? O.24 + O-\tx 036 = O+ 0
(b) Whatis Palay - ‘(8 ?A‘\- - 23 .o
el 04

Are A and B mutually exclusive?
go& Car L’\."k((-@/‘ 33
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5. P(AUB)=0.7,P(A)=05,P(B)=04
A A
B o.2 ©. 2 04
B o.% -3 o o6
oS 0.5 \ \
Complete the table and answer the following questions. \
—o-4
(@) What is the probability that both of A and B occur? ©.2_
(b)  What is the probability that neither A nor B occurs? o©.<
(c) What is P(A|B)? Prn8) . o2 _ O
. ?() oL ¢
(d) AreAand B})rzciipfgcgzgf fvgﬁé'; i ?(AAQS - S’o yf: f\’LeJ e
s i Weppem A
6.  P(A)=04,P(B)=05,P(A|B)=05 E(Z”j 0.S
A / A
i 0.25 " 025 .5
B’ o0-IS 035 <
o-4 0.6 (
Complete the table and answer the following questions.
(@) What is the probability that A or B occurs? 6 2SS+ 025 + O- S = ©-6S
(b)  What is the probability that neither A nor B occurs? . 2<,
(c) What is P(B|A)? _‘_’,(A"_Bl = _(_)__?;S./ v G2S
el Gt
(d) Are A and B independent?

(Y=< P®R) = O-4 xO-S
= O-Z

?(\A(\%) - 025

“Tese Ao el

are M\’ fﬂ/%‘*l S
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N
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Relative Risk

Relative Risk is used to compare the risk for two groups. It gives a measure of the impact
of the behaviour or treatment group is exposed to.

Usually the baseline group (denominator) is the non-treatment group (this will be in the
wording of the question).

Risk for treatment group

Relative Risk = —
Risk for non treatment group

Relative risk does not have to be between 0 and 1

RR of 2.5 means = you are 2.5 times more likely to... (or a 150% increase)

RR of 1 means = you are equally likely to......

RR of 0.8 means = there is 0.8 times the chance of.... ( a decreased risk eg exercise on the
chance of a heart attack) (This is 20% LESS risk for those that exercise)

or 0.8 times as likely.....

R Heart l None t
Group A Dlsease | Yo
Overweight i 142 | 166
Not Overwt | 170 |184
Total _:jB | 312 |350 |
What is the Relative Risk of heart What can we conclude?
disease in an overweight male [Sw\ M,Nt;,\u{ ———
comparejdh‘ﬁwnh a non-overweight male. e (\é] ,HNS as
e . .
A_K———-/ : \ j c—eL-S “\% quf L&a/’\'
|4
\ 34
’ ,X Seas .
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Example: A trial was done on 1000 sheep in order to determine the effectiveness of a
vaccine to protect the sheep against a disease. The vaccine was given to 600 sheep, and
the remaining 400 were not vaccinated. Records were kept of how many sheep got the
disease.

b PR o disease Totals
accinated 39 561 600
e 87 313 400

Totals 126 874 1000

a Calculate the absolute risk that a sheep got the disease.

Total number that have disease L 126
Total number of sheep ~ 1000

Absolute risk = =0.126

b Calculate the absolute risk that an unvaccinated sheep got the disease.

: Number of unvaccinated sheep that got disease 87
Absolute risk = Number of unvaccinated sheep A 0.2175
¢ Calculate the absolute risk that a vaccinated sheep got the disease.
. Number of vaccinated sheep that got disease 39
Absolute risk = Number of vaccinated sheep ="s00 —0.065

d Calculate the relative risk that an unvaccinated sheep gets the disease, compared with
a vaccinated sheep.

Probability of getting disease if unvaccinated  0.2175
Probability of getting disease if vaccinated — 0.065

Relative risk = = 3,346

e Explain what your result means.

An unvaccinated sheep is more than three times more likely to get the disease than a
vaccinated sheep.

39




Theoretical vs Experimental vs Actual Probability

Theoretical Probability

Theoretical Probability also known as model probability is when we use a tool to find out
the theoretical probability of an event occurring

Example:

The theoretical probability of rolling a 3 on a dice is %or
0.16666 or 16%

Experimental Probability

Experimental probability is based on the number of times the event occurs out of the
total number of trials.

Example:

Sam rolled a dice 50 times. A 3 appeared 10 times.

Then the experimental probability of rolling a 3 is 10 out of 50 or 20%.

In probability an experiment is one or more trials of a probability situation.

Actual Probability

Also known as true probability is the (almost always) unknown actual probability that an

event will occur in a given situation.

Example:

The actual probability of a coin landing heads up is
affected by the position from which it is tossed, the
asymmetry of the two faces of the coin etc, so is not
exactly 0.5, though the probability of a fair coin landing
heads will be very close to 0.5.

41



(2)

Calculate the theoretical probability of a person using a 'trial and error’ process taking more than

two key attempts before both locks are open. Compare this probability with the results from Sene’s
simulation and discuss any differences.

t { ( »
P2 ey allecptt) = % /5 = T

(
() ( r—rove YL a- Z\ = l B /3’ )
= ;%j«ﬂ = O - 9 G é }
3o '

(b) Sene used the central 90% of her simulation results to check if the number of key attempts Emma
took (four) was likely if the ‘trial and error’ process was used, and concluded it was. Discuss if the
results of Sene’s simulation support this conclusion.

ﬂ O X \0( ’(‘v\rt_ﬂf\ 3 - ( O (RH‘&,\.{»’J\T
v
4 oMbas s ramge T sialefes
e (M\'\"g S Ar’[)r\oup./\rc«:{“{
(©)

Calculate the theoretical probability that a person using Emma’s process takes four key attempts
before both locks are open.

{2 4 ?/ L. {
\/XX’\/ 7, * /g"/4.)</—5’~ VZC’

X o x v  Be%-% el

\4
ot
0

K x S fe S e tox £ = o

’{' . g /’/
e ¥ e T4 e e
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